Introduction
When an electrical field is applied to a dielectric drop, the electric field induces stresses on the drop surface. The tangential stresses produce circulatory fluid motion in the drop and the continuous phase which results in increase in the heat or mass transfer rate. Taylor ͓1͔ was perhaps the first to experimentally demonstrate electrically induced flow in a suspended drop of silicone oil in a mixture of castor oil and corn oil. Based on a leaky dielectric model, he calculated the induced stresses at the drop surface due to applied electric field. In Stokes flow regime, he derived the stream function for flow in the drop interior and that in the continuous phase. His analytical solutions for the flow field have been extensively used to study the heat transfer to a suspended drop ͓2͔.
Heat and/or mass transfer studies of a droplet in electric field have typically considered two limits based on the relative magnitude of the resistance to heat transfer in the continuous and the dispersed phase. One limit, where the bulk of the resistance to the heat transport is in the dispersed phase, is known as the internal problem. The other limit, where the resistance to heat transfer is mainly in the continuous phase, is known as the external problem. The steady-state Nusselt number for a conjugate problem, where the heat transfer resistances in the two phases are comparable, can be estimated from the individual Nusselt numbers for the internal and external problem as described by Abramzon and Borde ͓3͔. When the time scale for the external Nusselt number to approach its steady-state value is small compared to the time scale for temperature change in the drop interior, the heat transport in the continuous phase can be considered to be quasi-steady, and the steady state results obtained for the external problem can be used.
Oliver, Carleson, and Chung ͓4͔ carried out a numerical solution to the unsteady heat transfer to a droplet suspended in an electric field. A fully developed flow field was assumed and the droplet was suddenly exposed to a step change in the ambient temperature with the bulk of the resistance being in the droplet. Initially it was found that the Nusselt number oscillates for larger values of Peclet numbers. As time increases the Nusselt number approaches a steady value. At low values of Peclet numbers, the steady-state Nusselt number was found to be close to the pure diffusion limit of 6.6. As Peclet number increases, the steady-state Nusselt number becomes independent of Peclet number for large Peclet numbers and approaches 29.8 at high Peclet number ͓2͔. This is considerably greater than the steady state internal Nusselt number of 17.66 for a purely translating drop under creeping flow.
The transient heat transfer in a fluid sphere translating in an electric field was analyzed by Chung and Oliver ͓5͔ in creeping flow regime with thermal resistance being in the dispersed phase. The electric field strength was expressed in terms of a parameter E, defined as the ratio of electrically induced to translationinduced maximum surface velocity. It was shown that at high Peclet number, the electric field effects are negligible for E less than 0.5 while translation is unimportant for E greater than 10.
Griffiths and Morrison ͓6͔ analyzed the external heat transfer from a drop in an electric field at low Peclet number using a regular perturbation expansion. It was found that a perturbation about the zero flow solution was everywhere valid for analysis of transport due to the low Peclet number creeping flow generated by an electric field. These solutions were accurate up to a Peclet number of 60. Sharpe and Morrison ͓7͔ investigated the external steady-state heat or mass transfer to a drop in an electric field at low values of the Reynolds number. The overall Nusselt number was found to increase monotonically with the Peclet number.
Chang and Berg ͓8͔ analyzed the fluid flow and mass transfer behavior of a droplet translating in an electric field at intermediate Reynolds numbers. They adopted an approximate Galerkin method to solve the external problem and predicted drag coefficients for a range of Reynolds numbers and viscosity ratios. However, it appears that the contribution from the normal viscous stress on the drop surface was not considered in the drag force calculation. The external mass transfer rates were obtained for very high Peclet numbers. Their mass transfer calculations were based on a thin boundary layer approximation and restricted to very high Peclet numbers. The electric field effect was characterized by a dimensionless parameter W, which was defined as the ratio of electrical and gravitational effects. They concluded that, for a substantial increase in the rate of transport due to the electric field, the value for this dimensionless parameter should be significantly greater than unity. For negative W the electrically induced flow is from the equator to the pole on the drop surface. It was found that even at moderate negative values of W, enhancement in mass transfer was not obtained. As such, we have considered only positive values of W in this study.
In this paper we address the situation that would be applicable in direct-contact heat exchange application of a droplet moving in a continuous medium in intermediate Reynolds number regime. The analysis removes the earlier restrictions of the creeping flow limit and the restriction of the very high Peclet number limit.
Formulation
Consider a spherical droplet moving steadily in a uniform electric field. The flow field is considered axi-symmetric with the origin of the coordinate system at the center of the drop and the thermophysical properties are considered constant. The flow in the two phases and the external heat transfer are considered steady whereas the heat transfer in the internal problem is considered as transient. We note that the internal heat transfer must be considered transient as no nontrivial steady solution exits for the droplet temperature variation. A schematic of the problem is shown in the left half of Fig. 1 with typical stream lines for purely translational motion. The right half of Fig. 1 shows typical stream lines for purely electric field induced flow in a suspended drop. The assumption of spherical drop shape needs some discussion. The drop distortion from sphericity is governed by the Reynolds, Weber, Eotvos, and capillary numbers. The drop may deform at elevated Reynolds number. Additionally at high electric field strengths, the drop may deform in a prolate or an oblate shape based on Taylor's discriminating function which is related to the thermophysical properties of the two phases. As such for some combination of thermophysical properties, the deformation due to hydrodynamic and electrical effects may nearly cancel each other keeping the drop nearly spherical. However, in some cases, the two effects may be additive, leading to significant deviations of drop shape from a sphere. The exact calculation of the drop shape is computationally challenging task even for a suspended drop ͓9͔. As such we have considered a spherical drop in our model.
Governing Equations
In terms of the following dimensionless parameters
Continuous phase
The equations are transformed in terms of vorticity and stream function. The stream function is introduced such that
The vorticity is
Since the flow is assumed to be axi-symmetric, we have ជ = · i ជ ⌽ . The momentum conservation equations in terms of stream function and vorticity become
Equations ͑3͒, ͑6͒, and ͑8͒-͑10͒ are the final governing equations for the problem. These are subject to the following boundary conditions. At infinity, uniform flow, zero vorticity, and uniform temperature are specified.
As r → ϱ, 1 → ͑1/2͒r 2 sin 2 ; 1 → 0; T 1 → 0. At = 0 and = , the symmetry condition gives 0 = 1 = 2 = 1 = 2 = ‫ץ‬T 1 / ‫ץ‬ = ‫ץ‬T 2 / ‫.ץ‬ At the interface r = 1, zero normal velocity condition gives 1 = 2 =0.
Using the continuity of tangential velocity, the shear stress balance at the interface, Er * + 1r * = 2r * , can be written as
where U = U 1 = U 2 . Transactions of the ASME The shear stress caused by the electric field Er * is given by Taylor ͓1͔ and can be written in terms of the maximum surface velocity induced by the electric field ͑V͒ for a suspended drop as
Hence, in earlier studies in the creeping flow regime, the relative strength of the electric field was defined in terms of a parameter Ŵ = U ,max͑r=1͒ due to purely electric field driven flow in suspended drop U ,max͑r=1͒ due to purely translational motion in creeping flow ͑14͒
However, the above equation provides the ratio of maximum surface velocities by purely electrically induced flow to purely translational flow only in the limit of creeping flow. For the intermediate Reynolds number, the maximum velocity on the drop surface due to pure translational motion must be evaluated numerically. For each Reynolds number considered, the program is executed for a purely translational flow without applied electric field and the maximum velocity surface is obtained. We introduce the term W, to indicate the ratio of maximum electric field induced surface velocity to that due to purely translational motion in intermediate Reynolds number flow. The boundary condition can be written in terms of W by writing, Ŵ = aW. Here a is a parameter defined such that W = 1 corresponds to equal electric field driven velocity and purely translational maximum surface velocity. For creeping flow, a = 1. In this manner the equation is consistent with earlier work and is appropriate for the intermediate Reynolds number regime. Therefore the condition of continuity of shear stress can be written as
The transient temperature distribution in the dispersed phase is solved using Eq. ͑6͒. The initial temperature in the drop interior is considered uniform at T 0 . In dimensionless form this condition is T 2 ͑t =0͒ = 0. For a conjugate problem, the interface conditions at the drop surface are: continuity of temperature T 1 * ͑R , ͒ = T 2 * ͑R , ͒ and equality of heat flux −k 1 ͑‫ץ‬T 1 * / ‫ץ‬r * ͒ =−k 2 ͑‫ץ‬T 2 * / ‫ץ‬r * ͒. However, a conjugate problem is not addressed here. We have considered two limits based on the relative resistance to heat transfer in both phases. The heat transfer resistances are dependent on the ratio of thermal diffusivities in the two phases. When the thermal diffusivity of the continuous phase is much larger than that of the dispersed phase, the resistance to heat transfer is very small in the continuous phase. This is the internal problem. In such case, the drop surface temperature will be close to the far field temperature.
Therefore, for the internal problem, we consider: T 2 ͑r =1͒ =1. The external problem is treated by the steady form of the energy equation. The drop surface temperature is prescribed for the external problem.
Hence, for the external problem, in dimensionless form:
As shown by Abramzon and Borde ͓3͔, the external heat transfer can be considered steady when the time scale of drop heating ͑or cooing͒ is much larger than the time required for the continuous phase to reach the steady state solution. They showed that this condition is met when 2 c 2 / 1 c 1 ӷ 1. One example of such condition is a liquid drop moving in a gaseous environment. Moreover, Abramzon and Borde ͓3͔ also showed that the overall Nusselt number for a conjugate problem can be obtained using steady state external Nusselt number as 1 / NuХ͑k 2 / k 1 ͒͑1/Nu internal ͒ +1/Nu steady,external . As such, a time-independent solution of the external problem provides useful information.
Drag Coefficients.
A drag force is experienced by the fluid sphere due to the net force in the direction of flow owing to the pressure and shear stress
where the pressure drag is given by
The stagnation pressure is obtained by integrating the r component of the momentum equation along = 0 from r = ϱ to 1. The pressure variation along the surface is obtained by integrating the component of the momentum equation along r =1 ͓10͔ The friction drag is
In dimensionless form it becomes
͑20͒
Nusselt Numbers. For the continuous phase the average Nusselt number is given by
Local nusselt number Nu loc = h loc 2R / k 1 =−2͑‫ץ‬T 1 / ‫ץ‬r͒. The Nusselt number for the dispersed phase can be written in terms of the bulk temperature by overall heat balance for the drop as ͓5͔
The bulk temperature is calculated as
Numerical Solution and Model Validation
We solve the external problem with an exponential transformation, r = e z , whereas the internal flow and energy equations are solved in the regular spherical coordinate system. The governing equations are discretized using a finite volume approach with the power-law scheme of Patankar ͓11͔. In both phases, 60ϫ 200 grid points were used in the tangential and radial directions, respectively. The results were obtained by doubling the grid in both directions to make sure that the results are grid independent. The changes in Nusselt number and drag coefficient were substantially less than 1%. The computational infinity is located at z =5 or r ϱ = 148.41. Earlier numerical analyses of heat/mass transfer to a drop translating in the intermediate Reynolds number regime indicate that the computational infinity located beyond 20 diameters is adequate ͓2͔. To check the sensitivity of r ϱ , we doubled the value of r ϱ and executed a case for Re= 100, Pr= 0.7 for a solid sphere. The change in results was negligible ͑Ͻ0.5% ͒.
The model was validated by comparing results for several limiting cases where numerical and experimental results are available in published literature. These include flow over a solid sphere ͑Clift et al. ͓12͔, and Comer and Kleinstreuer ͓13͔͒ in Table 1 , flow over a liquid drop with k Ͼ 1͑Comer and Kleinstruer ͓14͔͒ in Table 2 , and flow over a liquid drop with k Ͻ 1͑Oliver and Chung ͓15͔͒ in Table 3 . Furthermore, the surface velocity profiles for different Reynolds numbers and viscosity ratios were calculated and were found to match closely with those of Oliver and Chung ͓15͔ for k = 0.3 and 3. Comparison of steady state Nusselt number for heat transfer in a drop suspended in uniform electric field is shown in Table 4 for internal problem ͑Oliver et al. ͓4͔͒ and in Table 5 Tables 1-6 and Fig. 2 , that in all of these cases our results for drag coefficients and Nusselt numbers agree very closely with published results. The excellent agreement of our results with earlier numerical results and experimental correlations discussed above can be considered as validation of our computational model.
Results and Discussion
Results were obtained for the Reynolds number based on the external flow of 20, 50, 80, and 100; Pr 1 = 5, and the density ratio of 1. The electric field parameter W is varied from 0 ͑for no electric field͒ to 10 for high electric field. 
Effect of Electric Field on the Flow
In Figs. 3 and 4, the streamlines are plotted for different values of W = 0, 1, 5, and 10 for translational Reynolds number of 50. As discussed by Oliver and Chung ͓15͔, unlike the flow over a solid sphere, for k = 3, the flow does not have a large circulatory vortex in the drop rear for a purely translating drop at Re= 50. This is seen in left hand side of the Fig. 3 . The applied electric field develops shear stress that produces a flow field with two vortices in the drop interior. For positive values of W, the electrically induced flow is from the poles to the equator. Therefore, when applied to a translating drop, the electric field tends to strengthen the internal circulation in the front half of the drop and introduces a weaker vortex in the rear half of the drop. This vortex in the rear half of the drop produces a large recirculating pattern downstream of the drop. This is seen in the right half of Fig. 3 . As W is increased further, the magnitude of the electrically induced stress on the surface increases and consequently the strength of the recirculation in the drop increases. As evident in Fig. 4 , at very high electric field with W = 10, the flow in the drop interior resembles the flow in a drop suspended in electric field. However, at this high electric field strength, the outer flow retains the effect of translational motion away from the drop surface. Figure 5 shows the surface pressure variation for W = 0 and 1. It is observed that as the applied electric field increases the stagnation pressure decreases. With no electric field, we see that the surface pressure drops from stagnation pressure to a minimum and then recovers to a value much lower than the front stagnation pressure. From the graph, it is clear that the surface pressure at W = 1 maintains a higher value than that for W = 0 at at the front side of the drop. This leads to an increase in pressure difference between the front and the rear half of the drop. Thus the pressure drag coefficient increases as W increases. The tangential shear stress will significantly increase with application of electric field in the rear half of the drop but decrease slightly in the front half of the drop. This is due to the change in the surface velocity with the application of the electric field. Once the electric field is applied, the surface velocity increases in the front half of the drop. This decreases the shear stress experienced by the drop in the front half. The surface velocity in the rear half of the drop is in the opposite direction of the flow which leads to higher shear stress in the rear half of the drop. The overall effect is an increase in the friction drag with increase in W. The variation of the coefficient of drag with Reynolds number is shown in Fig. 6 for different values of W. It is found that, at a given flow Reynolds number, the drag coefficient increases with the applied electric field. In general, for particular electric field strength the drag coefficients decrease with increase in Reynolds number.
Heat Transfer
The External Problem. We first consider the external heat transfer problem with the limit of majority of the heat transfer resistance being in the continuous phase. Figure 7 shows the isotherms for W = 0 and 5, for Re= 50. In both cases, as expected, the temperature contours are dense near the front stagnation point, indicating high temperature gradients. With W = 5, the large recirculation in the drop rear brings hot fluid close to the drop surface, and hence, the temperature gradients are high at the rear part of the drop as well. The variation of the local Nusselt number with application of electric field is shown in Fig. 8 for Reynolds numbers of 50. With no applied electric field, W = 0, the local Nusselt number decreases monotonically along the drop surface at this Reynolds number and at lower Re. However, higher Reynolds number, the local Nusselt number decreases to a minimum value and then increases slightly in the rear portion of the drop due to a recirculatory vortex that is present even without the application of the electric field at high Reynolds number. The recirculation tends to bring fluid close to the drop surface and consequently increasing the local Nusselt number slightly in the rear of the drop. This phenomenon is significantly increased with application of electric field. At higher W, the circulation in drop rear is so large and strong that the local Nusselt number increases to values closer to those found at the front stagnation point. Moreover, with applied electric field, with increased surface velocity in the front half of the drop, the Nusselt number in the front of the drop increases as well. The net effect of higher heat transfer rate both in the front and the rear, results in a significant increase in the overall Nusselt number with increasing W. Figure 9 shows the enhancement in heat transfer with increase in W at different Reynolds number. It is seen from the figure that significant enhancement in heat transfer is obtained for W Ͼ 1. The increase in Nusselt number with increase in W is more pronounced at higher Reynolds number.
The Internal Problem. The transient internal temperature variation is solved using an alternating direction implicit scheme. The steady state Nusselt number is then computed using the bulk mean temperature. Figure 10 shows the variation of Nusslet number with dimensionless time for different vales of W. We note that increase in W results in increase in the maximum tangential velocity at the drop surface. In all earlier work, the results were presented in terms of Peclet number based on the maximum surface velocity. For all values of W, conduction is the dominant heat transfer mechanism at short times. This is due to the steep temperature gradients near the drop surface. For low W, conduction is the dominant mechanism at all times. At higher W, which corresponds to higher Peclet number based on the surface velocity, the Nusselt number first decreases for short times and starts increas- ing thereafter. This is because the cold fluid from the drop interior is brought near the drop surface due to the circulatory motion. This results in the oscillation of the Nusselt number before it reaches a steady value. These oscillations are more pronounced for higher values of W. As a result of fluid convection, the temperature gradients along each streamline diminish. Then the heat transport is mainly in the direction perpendicular to the streamlines. Hence, the Nusselt number variation attains a steady state. Figure 11 shows the variation of the steady state Nusselt number with Peclet number based on the maximum surface velocity for different electric field strengths. It is observed that at lower Peclet numbers, the steady state Nusselt number does not vary much with the electric field strength. At high Peclet numbers, the increase in the steady state Nusselt number with the increase of the applied electric field is high. We note that the maximum steady state Nusselt number due to purely electric field induced flow for a suspended drop is 30 in creeping flow regime. We see that the maximum steady state Nusselt number obtained here at very high values of W is more than that for a pure electric field driven flow. This is because the internal streamlines are shifted towards the boundary at higher Reynolds number due to the larger velocity gradients at higher Reynolds number. Figure 12 compares the internal streamlines in our case with that of a pure electric field driven flow. At high Peclet number, the temperature becomes uniform along each streamline very quickly and the heat transfer continues primarily perpendicular to the streamlines. The rate of heat transfer is inversely proportional to the distance of the vortex center to the drop surface. With a slight decrease in this distance at higher Reynolds number, the Nusselt numbers are correspondingly higher than the maximum Nusselt number of 30 obtained for creeping flow. Such increase in the maximum Nusselt number was reported by Hader and Jog ͓16,17͔ for deformed drops.
Effect of Viscosity Ratio "k …
Different values of k = 0.7, 1.1, 3, 5, and 10 are used to study the effect of viscosity ratio on the flow and heat transport properties. The change in the coefficient of drag is computed and is plotted in Fig. 13 for these values of viscosity ratios. Without electric field, the drag coefficient is higher with higher viscosity ratio. However, at high W, the trend is reversed. The maximum tangential velocity of the drop surface is higher at lower viscosity ratio. Therefore increasing W has a larger effect for k = 3 than for k = 10. The Nusselt numbers in the five values of viscosity ratio are plotted in Fig. 14 . It is observed that the average Nusselt number at a particular value of the applied electric field strength decreases as the viscosity ratio k increases. This is because, as k increases, the dispersed phase fluid becomes more viscous than the continuous phase fluid and the strength of the internal circulation decreases with higher viscosity ratio. At low values of electric field strength, the difference in Nusselt number is less than that at higher values of electric field strength. We note that the maximum tangential surface velocities for k Ͻ 1 are substantially greater than those obtained with k Ͼ 1. As W indicates the ratio of maximum surface velocity with electric field to that with purely translational motion, for k Ͻ 1, even for moderate values of W, the surface velocity becomes greater than the free stream velocity.
In an intermediate Reynolds number regime, it is doubtful if a stable, axi-symmetric ͑as assumed in the formulation͒ flow would be obtained under such conditions. For k = 0.7, we were not able to obtain stable solutions for W Ͼ 4.
Conclusions
The heat transfer to a spherical droplet translating in an electric field has been studied in the intermediate Reynolds number regime. The external and the internal heat transfer problems were considered. From this study we can draw the following conclusions:
• The applied electric field induces shear stress at the drop surface that produces a flow field with two vortices in the drop interior for a translating drop. It strengthens the internal circulation in the front half of the drop and creates a weaker vortex in the rear. The magnitude of the electrically induced stress on the surface increases and consequently the strength of the recirculation in the drop increases as the magnitude of the electric field is increased. With increase in electric field strength, the flow separation at the drop rear is more pronounced. • The overall drag coefficient increases with increasing electric field strength. The change in the drag coefficient is lower at higher viscosity ratio between the dispersed and the continuous phase.
• With no applied electric field, the local Nusselt number decreases monotonically from the front stagnation point. With application of the electric field, the local Nusselt number increases both in the front and the rear half of the drop. The increase in the local Nusselt number is significantly higher in the rear part of the drop compared to the front part of the drop. Consequently, the average Nusselt number increases with increase in the applied electric field.
• For a fixed value of W, the increase in average Nusselt number is higher at higher Reynolds numbers. • In the internal problem, the maximum steady state Nusselt number attained at high Peclet numbers were substantially higher than those obtained for a purely translational motion. Moreover, the maximum steady state Nusselt numbers at high Peclet numbers for a drop moving in an electric field were found to be more than those obtained for a purely electric field driven flow.
• For a given electric field strength, the average Nusselt number decreases as the viscosity ratio increases.
Nomenclature a ϭ parameter in Eq. ͑17͒ C d ϭ drag coefficient d ϭ dielectric constant h ϭ heat transfer coefficient k ϭ thermal conductivity k ϭ kinematic viscosity ratio, 2 / 1 k ϭ dynamic viscosity ratio, 2 / 1 Nu ϭ Nusselt number based on drop diameter, h 2R / k p ϭ pressure Pe ϭ Peclet number based on drop diameter, U ϱ 2R / ␣ Pr ϭ Prandtl number, / ␣ r ϭ radial coordiante R ϭ radius of the spherical droplet Re ϭ Translational Reynolds number, U ϱ 2R / 1 t ϭ time T ϭ temperature U ϭ velocity V ϭ maximum electric field induced tangential velocity Ŵ ϭ ratio of maximum electric field induced surface velocity for a suspended drop to that for a purely translating drop in creeping flow 4V * ͑1 + k ͒ / U ϱ W ϭ ratio of maximum electric field induced surface velocity for a suspended drop to that for a purely translating drop in intermediate Reynolds number regime ͑r , , ͒ ϭ spherical coordinates
Greek symbols
␣ ϭ thermal diffusivity ϭ dynamic viscosity ϭ kinematic viscosity ϭ density ϭ electrical resistivity ϭ stress ϭ stream function ϭ vorticity 
